RBsum6. -Dans I'interaction entre les terres rares et les tlectrons de conduction dans les composts mitalliques, il y a des termes anisotropes aussi bien que des termes isotropes. Nous discutons la forme de l'anisotropie et la mise en evidence experimentale de telles interactions anisotropes. Les rtsultats expkrimentaux sont prksentts sur les propriktes de magnetotransport, la resonance magnttique et le pouvoir thermo-klectrique pour les impuretes de terres rares dans les mttaux et pour les composi5s intermetalliques de terres rares. Les termes anisotropes sont du m&me ordre de grandeur que les termes isotropes pour plusieurs terres rares.
1. Introduction. - The conventional assumption of isotropic bilinear spin interactions between electrons in solids has been largely supported by data on systems containing transition metal ions. The d electrons which give rise to the magnetic properties of the ions tend to spread out in a solid. As a result, their orbital angular momentum is essentially quenched and the main contribution to their magnetic moment comes from the electrons' spin. However, the magnetic moment of a rare-earth ion comes from its incomplete inner 4f shell. The wavefunctions for these electrons are highly anisotropic. In a solid the 4f electrons are well localized because of the rare-earth's outer shells (5s2 5p6) ; they retain their orbital angular momentum so that there are large orbital contributions to the magnetic moments of the rare-earths. As a result the interactions between the 4f and other electrons in a solid are described by anisotropic high-degree multipolar terms. In this paper we discuss the experimental evidence for large anisotropies in the rareearth-conduction electron (k-f) interaction.
We consider rare-earth ions in two important contexts, as impurities in metals and forming intermetallic compounds. Because we confine our attention to the one-center k-f interaction it is relatively simple to identify the anisotropic terms arising from the interaction itself as distinct from the anisotropy arising from the spatial symmetry of the lattice. For interactions between electrons centered about different sites it is far more difficult to isolate the origin of anisotropic terms.
In metallic systems the rare-earth's outermost electrons 5d 6s' mix with the conduction electrons. The 6s electrons do not contribute much to the anisotropic interactions because they are nearly spherically symmetric and will not be considered further. The 5d electron forms a virtual bound state (vbs) when it is an impurity in a non-d metal : otherwise it becomes part of a 5d-conduction band. At a rareearth site the 4f and 5d electrons interact via the Coulomb (direct and exchange) interaction. The closeness of the 4f and 5d radial wavefunctions allows these electrons to sense the anisotropy of one another's charge clouds. For most of the rare-earths, this is the dominant mechanism for the anisotropic k-f interaction. If one assumes plane-wave states for conduction electrons, anisotropy is small because the partial wave states with angular momentum have radial wave functions that are spread out and removed from the 4f electrons.
For those rare-earths (Ce, Yb) where the 4f energy level is close to the Fermi level one does find a large mixing of the 4f level into the conduction band. As Coqblin and Schrieffer have shown this leads via the Schrieffer-Wolff transformation to an anisotropic k-f interaction. Where the mechanism is operative it is believed to dominate over the 4f-5d interaction in producing the anisotropy. This mechanism does not contribute to the 4f-5d interaction, because one electron mixing at sites of spherical symmetry only couples states with the same angular momentum.
A comprehensive discussion of the coupling between conduction electrons and moments of4f electrons has been recently given by Hirst [I] . For illustration here we quote only the results obtained for the case of the 4f-5d Coulomb interaction by Fert and Levy [2], F k(4f, 5d) and exchange G k(4f, 5d) Coulomb integrals and the tensor operators act only on the orbital parts of the wave functions. Whereas this interaction is a scalar invariant under all 3 dimensional rotations about the rare-earth ion, the isotropic component is conventionally the spin-only part (k = 0) where we drop the constant term in Eq. (1) with k = 0. This term gives rise to negative isotropic magnetoresistance. The parts of the 4f-5d interaction that give rise to anisotropic terms in the k-f interaction are those with k # 0. These terms produce the anisotropic magneto-transport properties. For example, the spinindependent term k = 1 gives rise to an orbital exchange term in the k-f interaction, and to an anisotropic effect known as skew scattering. For k = 2 the spin-independent term yields a quadrupole-quadrupole interaction which gives rise to a quadrupolar term in the k-f interaction and produces anisotropy of the magnetoresistance. The higher order terms further contribute to anisotropic effects. For example, the term proportional to U ? ) . U~) contributes to the cubic crystal field seen by the 4f electrons. Let us now proceed to examine the experimental evidence for the existence of anisotropic k-f interactions.
2. Rare-earth impurities in noble metals. -2.1 CRYSTAL FIELD. -The noble metals silver and gold are particularly well suited for studying the k-f interaction. There is a minimum number of crystal field parameters as the Sites have cubic symmetry. They are monovalent metals while rare-earths tend to be trivalent; thus while one of the three outermost (5d 6s2) electrons goes into the conduction band of the host metal the remaining two electrons-nominally a 5d and one 6s hover around the rare-earth impurity. The 5d electron forms a virtual bound state with a half width of about 0.5 eV, and it retains many of its atomic features, in particular its radial wavefunction. The rare-earth's 4f moments affect the magnetotransport properties of alloys through their coupling to the 5d and 6s electrons that lie on the Fermi surface. Historically, however, it was the anisotropic effects of the conduction electrons on We rare-earth that were first discussed.
A striking example of this was provided by Williams and Hirst [3] in their study of the crystal fields acting on rare-earth solutes in noble metals. Whereas the crystal field arising from the ionic point charges from the host matrix yields a small positive coefficient C4 for the crystal potential, magnetic susceptibility data on dilute rare-earths (a fraction of one-percent) in silver and gold yield large and negative C4 coefficients. Coles and Orbach suggested that the rare-earth's 5d electron screens out the neighboring ionic pointcharge contribution and in doing so sets up a counter potential of opposite sign. For the 5d electron charge distribution whose orbital is centered on the rareearth site to impose such an anisotropic field on the 4f electrons it is necessary that the 4f-5d interaction contain a cubic invariant, i.e., that it contain the k = 4 spin independent term of Eq. (1).
where :
is an invariant of the cubic group, and the remaining terms transform under the other cubic representations. When one takes the expectations value of the invariant term r1(u4) over the 5d vbs one finds which is the fourth-rank crystal field interaction. The analysis of Williams and Hirst conclusively demonstrated the existence of this interaction.
The direct Coulomb contribution to the 4f-5d vbs interaction is large and negative but as Chow [4] has shown there is an exchange contribution which largely cancels it and produces a fourth-rank crystalline field parameter A, ( r ' (u:) ) -C4 in fair agreement with those deduced from the data. The work of Williams and Hirst and of Chow not only proved the existence of the fourth-rank interaction between the rare-earth and 5d vbs it also provided a model by which one could achieve good quantitative agreement with the experimental data.
MAGNETO-TRANSPORT. -Having established
the existence of fourth-rank anisotropic interactions we turn to the first and second-rank interactions in Eqs. (3) and (4) and to the magnetoresistivity measurements that demonstrate their existence. The noble metals have an f.c.c. structure and their intrinsic magneto-transport properties are isotropic. Fert and his coworkers [5] have recently studied the magnetotransport properties (electrical resistivity and Hall effect) of silver and gold with rare-earth impurities. Their measurements yield data on the isotropic magnetoresistance, the anisotropy of the magnetoresistance and on the skew scattering contribution to the Hall effect. After accounting for the intrinsic magnetoresistance of the noble metals the main contribution to the isotropic magnetoresistance comes from Eq. (2), although the spin dependent term in
(1) with k = 4 also contributes when one takes the orbital part of the interaction that is invariant under the cubic group, i.e., This contribution from the anisotropic k-f interaction has not yet been sorted out from that arising from the conventional isotropic interaction, Eq. (2).
The two striking illustrations of anisotropy in the k-f interaction come from the skew scattering contribution to the extraordinary Hall effect, and the anisotropy of the magnetoresistance. Fert et al. have found that there is negligible anisotropy for gadolinium impurities while for the other heavy rare-earths the sign of the anisotropy changed between holmium and erbium. This was clear evidence not only that anisotropy exists but further that it is primarily due to the scattering of the conduction electrons by the quadrupolar moments of the rare-earth impurities. Thereby they have substantiated the existence of the quadrupolar-quadrupole interaction, Eq. (4).
The skew scattering of conduction electrons in silver and gold has been divided into two contributions. One part a, comes from the isotropic exchange Eq. (2) and the spin-orbit coupling of the conduction electrons. This part is proportional to the spin of the rare-earth and is largest for gadolinium impurities. The other part is proportional to the orbital moment (( L, )) of the impurity and primarily comes from an exchange-like coupling 1, .1, between the orbital angular momenta of the conduction and 4f electrons, i.e. Eq. (3) .
From their analysis of the magneto-transport data for rare-earth impurities in silver and gold Fert et al. conclude that the quadrupolar interaction Eq. (4) has the same order of magnitude as isotropic exchange. This result is contrary to the conventional wisdom which has dictated that anisotropic interactions are subordinate to the isotropic. In addition they found that the orbital exchange term Eq. (3) is about an order of magnitude smaller than the isotropic exchange Eq. (2). The contributions from higher-rank terms, i.e., k = 3 for skew scattering, and k = 4 for anisotropy, to magneto-transport phenomena have been estimated to be small and lie within the uncertainties to which we know the many parameters entering the theory [2] .
While the noble metals with their cubic symmetry are ideal host metals for studying anisotropic effects of RE impurities, other metals have also been studied. Bijvoet et al. [6] have studied the magnetoresistance of magnesium single crystals with heavy rare-earth impurities and Asomoza et al. [7] studied rare-earths in gadolinium. The structure of these metals is h.c.p. and band structure effects by themselves introduce an anisotropy in the magnetoresistance which is called the normal magnetoresistance. However, they were successful in separating the isotropic exchange, Eq. (2), from the anisotropic quadrupolar, Eq. (4), contributions to the magnetoresistivities and the results of their analyses confirm the picture found for the noble metals.
For cerium and ytterbium the proximity of the 4f electron's energy to the conduction electron's Fermi level causes a resonant mixing (scattering) of the two, and the appropriate Hamiltonian is that given by Coqblin and Schrieffer [8] . This k-f interaction has large anisotropic contributions [I] . It was used by Fert to explain the skew scattering and anisotropy of the magnetoresistance of cerium impurities in lanthanum (h.c.p. lattice) [9] and also by Christen and Godet for skew scattering in the compound CeAI, [lo] .
2.3 SPIN RESONANCE. -With magneto-transport measurements we were able to identify specific parts of the anisotropic k-f interaction. This is not possible from data on the g-shift and linewidth of the 4f electron spin resonance. In these experiments one measures the effects of the conduction electrons on the 4f s moments rather than the converse. Nonetheless, Huang Liu, Orbach and their coworkers [l 11 have established that the full interaction Eq. (1) rather than only the isotropic exchange term Eq. (2) is needed. They studied data on the g-shifts and linewidths of the 4f electrons of rare-earth impurities in the noble metals and aluminum. In order to explain the variation of the g-shift and linewidth across the heavy rareearth series they found it necessary to include the anisotropic exchange parts of the k-f interaction Eq. (I), i.e., the spin-dependent parts with k even and the spin-independent terms with odd k. The various parts of the interaction make comparable contributions to the g-shift and linewidth.
To interpret NMR experiments for ytterbium in gold, Follstaedt and Narath [12] conclude that they need anisotropic exchange interactions. They measured the relaxation rates for 173Yb in gold as a function of magnetic field and find that the anisotropic terms present in the Coqblin-Schrieffer interaction are needed to explain the data.
3. Rare-earth intermetallic compounds. -Up until now we were confident that only single-ion effects were being studied as the concentrations were so low (usually less than one atomic percent) so that effects of interionic pair interactions were negligible. Now we consider rare-earths forming periodic lattices, e.g., rare-earth intermetallic compounds. In the paramagnetic regimesingle-ion effects still dominate, i.e., the crystal field and rare-earth-conduction electron interaction. However, pair effects are important for temperatures comparable to or less than the strength of the interionic interactions. We will discuss pair interactions only inasfar as they are demonstrably due to the 4f-conduction-electron interaction.
3.1 HYPERFINE FIELDS. -Nuclear magnetic resonance measures the hyperfine field at the nucleus. Aside from the direct contribution coming from a rare-earth's polarized 4f electrons there are indirect contributions coming from the 4f electron polarization of the conduction electrons. This latter contribution takes place primarily through the k-f interaction Eq. (1). As was the case for the electron spin resonance in dilute alloys individual terms in this interaction cannot be identified by NMR. Nonetheless, the existence of the anisotropic terms has been shown by Berthier, Devine and Belorizky [13] . They measured the hyperfine field at the rare-earth nuclei in the rare-earth dialuminides (REAI,). They separated the hyperfine field into a part directly created by 4f electrons, a transferred field coming from the polarization of the neighboring magnetic moments and a self-polarization field arising from the polarization of the conduction electrons by the k-f interaction. To understand the variation of the selfpolarization field across the rare-earth series it is necessary to take into account the orbital polarization of the conduction electrons by the rare-earth's 4f electrons.
3.2 ASPHERICAL COULOMB SCATTERING. -For a periodic lattice of magnetic ions potential scattering from spherical charges is absent and the electrical resistivity is normally assumed to be dominated by the isotropic exchange scattering, Eq. (2), of the disordered magnetic moments. However, Elliott had earlier suggested that aspherical Coulomb scattering was the source of the spin-disorder resistivity for the rare-earth metals [14] . For the majority of compounds studied until recently the resistivity due to the isotropic k-f exchange interaction dominated the aspherical Coulomb scattering and Elliott's paper did not receive the attention it deserved. Recently there has been both much interest on the part ; f theoreticians [l, [15] [16] [17] as well as experimental data on aspherical Coulomb scattering of conduction electrons by rare-earth quadrupole moments in intermetallic compounds.
Fisk and Johnston [18] studied the temperature dependence of the electrical resistivity of PrB,.
In the paramagnetic region (T 5 10 K) the exchange and aspherical Coulomb scattering from the 4f crystal field levels of Pr3+ in PrB, are sufficiently different so that the two could be separately determined. For PrB, it was found that the contribution from aspherical Coulomb scattering was equal in magnitude to the exchange scattering. The effects of quadrupolar scattering of conduction electrons by 4f electrons have also been identified by Hessel Andersen and Vogt in TmSb [19] .
(ATP) are primarily due to isotropic impurity COUlomb potential and exchange scattering. In rareearth compounds ATP can still be obtained provided the scattering of the conduction electrons depends on the crystal field state of the rare-earth ion. To achieve this requires the presence of terms involving orbital degrees of freedom in the k-f interaction, e.g., the quadrupole-quadrupole interaction, Eq. (4). The anomalous peaks in the thermoelectric power in the paramagnetic phase of a periodic magnetic compound is direct proof of the presence of anisotropic Coulomb interactions between the crystal field split rare-earth ions and the conduction electrons.
To exhibit this effect Sierro and his coworkers [20] choose two Van Vleck paramagnets TmCd and PrPb,. In both compounds the rare-earth is at a site of cubic symmetry. Neither compound undergoes a magnetic phase transition, thus mechanisms ATP which rely on a magneticaIly ordered state do not apply here. For both compounds an anomalous peak in the thermoelectric power exists at low temperatures, k, T -+(E,, -E,,). The ATP's have been explained by Takayama and Fulde [21] as due to the quadrupolar scattering of the conduction electrons by the crystal field split rare-earth ions. As mentioned by Sierro [20] , the different sign of the anomaly in TmCd and PrPb, is evidence that the anisotropic part of the k-f interaction raised to an odd power causes the ATP. Pr3+ and Tm3+ have opposite signs for their quadrupole moments and one expects anomalies with different signs if an odd power of the quadrupolar interaction is responsible for the ATP. The magnitude of the quadrupolar interaction determined from the ATP in TmCd and PrPb, is comparable to the isotropic exchange interaction in these compounds. This provides further evidence for the importance of this anisotropic term in the k-f interaction for rare-earth compounds.
3.4 INTERIONIC COUPLING. -The rare-earth conduction electron interaction we have been discussing locally polarizes the spin and multipole charge densities of the conduction electrons. A second rare-earth at a nearby site interacts with the polarized conduction electron densities set up by the first ion. Its interaction energy depends on the orientation of the rare-earth's moments relative to those induced in the conduction electrons. This leads to an indirect multipolar (anisotropic) coupling between rare-earth ions. If one confines oneself to Eq. (2) one retrieves the isotropic RKKY interaction. The presence of the other terms in Eq. (1) yields anisotropic interionic couplings.
Much experimental data exist to substantiate the presence of multipolar interactions between rareearths in metallic comvounds. However, there are several mechanisms which contribute to interionic 3.3 ANOMALOUS THERMOELECTRIC POWER. -In interactions besides those mediated by conduction dilute alloys anomalies in the thermoelectric power electrons. They are the direct electric multipole interaction between the multipolar charge distributions, exchange and superexchange interactions via intervening anions, and virtual phonon interactions. While interionic multipolar interactions indubitably exist, it is not easy to determine what part, if any, comes from the k-f interaction. There are some striking effects attendant to multipolar couplings which signal their presence but do not divulge much of their origins. We will briefly consider one effect here.
Multipolar interactions can drive structural phase transitions. Usually the cooperative Jahn-Teller interaction drives these transitions, e.g., in the rare-earth vandates. However, it is possible that the mechanism driving the transition is purely electronic, having nothing to do with the lattice. For example, a quadrupolar interaction between rare-earths coupled via the conduction electrons can produce a quadrupolar phase transition. Below the transition temperature the lattice follows the ordered quadrupole moments and distorts so as to minimize the Jahn-Teller energy. In this way an electronically driven phase transition can produce a structural transition. The best evidence we have of this are TmCd [22] and TmZn [23] .
Morin and his coworkers found that TmZn, a metallic compound with the cubic CsCl structure, undergoes a structural transition to a tetragonal phase at a temperature slightly above its magnetic ordering transition. In TmCd there is a structural transition but no magnetic ordering has been observed. From the magneto-thermal and elastic data taken on these compounds it was determined that the quadrupolar coupling coming from the Jahn-Teller interaction (B:/(C,, -C,,),) is small compared to the quadrupolar coupling (K,) that is not directly involved in producing the structural distortion. While selfenergy corrections from the virtual-phonon interaction contribute to K, they are of opposite sign. Both Luthi et al. and Morin et al. find for both compounds K , is about 3 times larger than B:/(C,, -C,,), and therefore the main mechanism for the quadrupolar coupling does not involve lattice distortions or phonons. Hence, TmCd and TmZn are prime examples of structural phase transitions driven by quadrupolar pair interaction of electronic origin. The possibility that this mechanism will produce a structure transition was mentioned some time ago [24] , but TmCd and TmZn seem to be the first examples to prove its existence. It should be stressed that the Jahn-Teller effect does not drive these transitions. The structural changes are manifestations of the transition but they are not their cause ! More evidence exists for anisotropic pair interactions in the rare-earth pnictides such as the flopside magnetic structures. Unfortunately, it has not yet been possible to establish definitively either that the primary mechanism for the interionic couplings is mediated by the conduction electron or that the origin of the anisotropy is the rare-earth conduction electron interaction. We must await further theoretical analyses on the wealth of experimental data (magneto-thermal, elastic and resistivity) to establish positively the role of the anisotropic k-f interactions in the rare-earth pnictides and other metallic compounds.
4. Concluding remarks. - We have focused on the anisotropy of the k-f interaction. The reason we are so interested in the anisotropy of this interaction is that it is a basic constituent of the interionic multipolar coupling between rare-earths in metallic compounds. As there are several mechanisms that contribute to interionic couplings, it is necessary to know the details of the k-f interaction in order to sort out the various contributions coming from the conduction electrons. To obtain quantitative results specific models of the k-f interaction have been introduced. While there has been some success with the 5d virtual bound state model for understanding the details of the k-f interaction for rare-earth impurities in silver and gold much remains to be done in the area. A proper model of this interaction should be able not only to explain the extant data on the crystal fields and magneto-transport properties of the alloys but also the anomalies in the thermoelectric power and the EPR g-shifts and linewidths. Recent results on the magnetoresistivity of rare-earth impurities in single crystals of silver and gold provide more detailed data on the anisotropy of the k-f interaction (I) . It will be interesting to determine whether the 4f-5d vbs model [2] is able to explain the new results on the single crystals.
Another area of active research is the magnetothermal, elastic and transport properties of rareearth intermetallic compounds. It is necessary to establish more positively the quadrupolar scattering of conduction electrons in compounds. This can be done by measuring the anisotropy of the magnetoresistance of cubic rare-earth compounds. From this data we can readily identify the contribution from the quadrupolar k-f scattering to the anisotropy.
While the presence of multipolar couplings has been established, their origins are not yet clear. Further research in this area will be necessary to understand such diverse phenomena as flopside spin structures, structural phase transitions which are not driven by the Jahn-Teller interaction, and resistivity anomalies attendant to phase transitions. Once the origins and nature of these interionic multipolar couplings are better understood we can go on to investigate their effects on the excitation spectra,%f solids. There has not been much experimental data gathered on multipolar excitations in rare-earth solids but with further advances in neutron scattering techniques and monochromatic phonon spec-(') F?rt, A., Private communication.
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